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The paper is based on a long-term programme of research on mathematical modelling and design of 
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1. INTRODUCTION 
 
There continue to be rapid advances in the capability of instruments and instrument 

systems, brought about in the main, by the use of new sensing elements and progress in 
information technology hardware and software. The Measurement and Instrumentation Centre 
at City University, London has been engaged in a long-term programme of research into the 
mathematical models of instruments and instrument elements, for the purpose of their analysis 
and design. This paper reviews the generic issues that arise in the computer aided modelling 
and design of instruments and instrument elements and the advances that have been made in 
the field. Based on a number of industrial case studies, it reports, in particular recent advances 
that have been made in computer aided design of instrument elements. 

 
 

2. ADVANCES IN INSTRUMENTATION 
 
In modern instrumentation, information is generally carried by electrical signals. The 

analysis and design of these signals is generally performed by standard methods of signal 
theory. The signal and information processing components of modern instrumentation are 
generally standard components and are described by functional models. They are commonly 
implemented by standard information technology hardware and software and are analysed and 
designed by the general methods of information technology. 

However, the sensors and actuators of instrument systems require to be analysed and 
designed in terms of their physical embodiment and function. Their analysis and design thus 
requires special methods. 

 
 

3. ADVANCES IN MODELS OF THE DESIGN PROCESS 
 
The ultimate objective of developing computer-aided methods of design of instrument 

elements is the development of integrated computer environments in which the total design of 
instrument systems can be undertaken.  

Such an environment would be based on a modern model of the design process, based on 



the concepts of knowledge processing and problem solving. A model of the design process, 
based on a blackboard architecture, has been proposed and discussed in [1].  

There continue to be developments reported in the literature of knowledge engineering, 
and artificial intelligence, problem solving and design. Models of the design process based on 
these advances have significant conceptual value for measurement science and education in 
the field. However, there is considerable distance between these models and practical 
application. Advances in mathematical models of instrument elements have a higher priority. 
The teaching of modern instrument science and technology must be design-orientated and this 
is better accomplished on the basis of a modern rather than a classical model of the design 
process. 

 
4. ADVANCES IN MODELLING OF INSTRUMENT ELEMENTS 

 
Computer aided design of engineering objects is based on their appropriate representation 

by models which can be handled by computer. The general concepts of instrument modelling 
have been considered in a previous paper to which the authors have contributed [2]. The 
present paper updates the previous one.  

In the case of sensors and actuators two kinds of models are used: power flow models 
which represent the functional relation between physical inputs and physical outputs, and 
embodiment models that represent these relations in terms of the geometry and material 
properties of the embodiment. 

Power flow models have seen substantial application. They are extensively used in the 
modelling and design of systems that consist of interacting components with diverse forms of 
energy. Mechatronics is an area in which such models are extensively and effectively used. In 
general instrumentation they provide a means of representing archetype models of sensors and 
actuators. They also are tools for modelling the interaction of sensors and the system being 
sensed, and that of actuators with the system upon which they act. The main advances in these 
types of models have been in the development and application of computer software that 
automates model formulation and solution of system models. Significant advances have been 
made in languages and computer packages for power flow models. In particular they are 
bondgraphs, Modelica, and the widely applied MATLAB [3-8]. 

The main requirement in the modelling of instrument system models is for embodiment 
models. It is in this area where the principal advances have been made for sensors and 
actuators. They will be reported later in the paper. Qualitative, computer implemented, 
models have significant application potential in the description and in the design concept 
generation of complex instrumentation systems. While such models have made progress and 
provide useful insight they have not seen effective practical application. They are at the 
exploratory stage [9]. 

 
5. REQUIREMENTS ENGINEERING 

 
Design depends essentially upon the requirements specification. Advances have been made 

in the understanding and development of the processes of requirements capture and analysis 
in the design of systems [10]. 

The advances are in the development of tools and in applications. The latter have been in 
particular in the design of complex software systems.  

The advances offer useful insights into the design process in instrumentation [11, 12]. The 
techniques have not seen application. They remain part of a research agenda.  

 
 



6. DESIGN CONCEPT GENERATION 
 
The generation of design concepts is a central problem in design. It is one most difficult to 

aid by machine. There have been significant advances in artificial intelligence concepts and 
techniques. The advances are enhancing the potential of the application of such computer 
aided methods in design. The paper will outline the advances and their application.  

One of the principal methods of computer aided design concept generation is the reuse of 
established concepts. This is implemented by searching organised knowledge bases. The 
internet provides a powerful tool for searching data bases of design concepts, for the purpose 
of conceptual design of instrument systems. The World Wide Web is an immensely rich 
knowledge resource. However the lack of organisation of the Web, which is its strength, 
constitutes a difficulty in its use in engineering design. 

The management of knowledge is now extensively studied. Its effective use in engineering 
design is an important direction for future research. The presently most promising approach to 
instrument design concept generation, however, appears to be the searching of organized 
knowledge bases in which design concepts are stored either in the form of archetype 
mathematical models, or qualitative description in a language with defined semantics. While 
the feasibility has been demonstrted the construction of comprehensive organised knowledge 
bases of instrument design concepts is only at an early stage.. It is an important aspect of the 
research agenda [13]. Other approaches, such as computer aided design concept generation 
from knowledge bases of physical effects appear to be possible, but their feasibility is yet to 
be demonstrated. 
 

7. OPTIMAL FORM FINDING AND DIMENSIONING 
 

Computer implemented realistic models, such as will be described below, enable the 
finding of optimal form and dimensions of a design concept. However in the design of 
physical objects such as sensors and actuators, there are, in general, an infinite number of 
variables. Some examples of the handling of problems in computer aided design, by model 
reduction and bounded optimisation, will be outlined later in the paper. 

To design the detailed form of an object from a generally specified embodiment it is 
necessary, firstly to specify form variations parametrising the embodiment geometry. These 
geometrical parameters, together with geometrical dimensions and like construction variables, 
constitute the design variables. Optimisation programs should enable the optimal, 
construction parameters to be found. In practice, however, the number of possible parameters 
to specify a complex embodiment is infinite. Making the optimisation problem, intractable, 
approaches have been developed to overcome this difficulty. One way is to examine the 
relation between the device function and the construction and restrict optimisation to three so 
four of the mist sensitive parameters. The second is to aim at satisfying rather than 
optimizing. 
 
 
8. REALISTIC MATHEMATICAL MODELS OF SENSORS AND ACTUATORS BASED 

ON ELECTRICAL PRINCIPLES 
 
The modelling of sensors and actuators and of the interaction between the sensor and the 

measured system are carried out considering the embodiment of those systems, that is their 
geometry, dimensions and material properties. These idealised embodiment models which 
give relations between an element physical embodiment and its function can be represented 
by idealised lumped parameter models. Such models have their origin in electrical circuit 



analysis. They are based on the relation between the input power flow to an element, or 
system, and the output flow.  

While idealised models are useful in the representation and analysis of concepts and in 
conceptual design, detailed analysis and design requires realistic models which relate the 
detailed geometry, dimensions and material properties of the object modelled to its functional 
behaviour. Engineering objects are characterized by complex geometries and distributed 
properties. The physical laws governing their behaviour are represented by partial differential 
equations, which are often non-linear and transcendental.  

There are a number ways of solving such realistic models – analytical, experimental and 
numerical. Analytical solutions are generally not feasible. They are normally applicable to 
problems with simple topology and linear materials. The experimental techniques, although 
applicable to many systems, are usually inaccurate, very time consuming and extremely 
expensive. In comparison, the numerical techniques based on, for example, the finite element 
(FEM) [14, 15], boundary element (BEM) [16, 17] and hybrid finite element-boundary 
element (FEM-BEM) [18] methods can tackle a wide variety of electrical, mechanical, 
thermal, structural and coupled problems. With the availability of powerful and affordable 
desktop computers, these techniques have revolutionised the formulation and solution of 
realistic models in the past few decades or so. This is especially true for the numerical finite 
element (FE) technique because of the relative ease of its computer implementation and the 
flexibility it provides in the definition of complex topology. FE models are fast, accurate and 
applicable to most physical systems. Finite element techniques have made possible the 
formulation and analysis of realistic models. The underlying principle of this method lies in 
the fact that the problem domain is divided (‘discretised’) into a number of triangular or 
rectangular elements of finite size (‘finite elements’) and the solution is sought at the vertices 
(‘nodes’) of these elements. The size, shape and the density of the 2D/3D ‘mesh’ thus 
obtained affect the accuracy of the numerical solution obtained by FEM. Today, significant 
progress has been made in this area. Various 2D/3D finite element models are being routinely 
used for computer aided design, investigation and performance modelling of instrument 
transducers and sensors. Some examples of such FE modelling are given in the following 
Sections.  

 
 

9. GENERIC MATHEMATICAL MODELS OF SENSORS AND ACTUATORS BASED 
ON ELECTRICAL PRINCIPLES 

 
9.1. Capacitive sensors and actuators 

 
Capacitive sensors and actuators are used in a wide variety of diversified industrial 

applications ranging from measuring displacement to moving micro-mirrors in MEMS-based 
video projection systems. In general, they are based on the well-known capacitive technique 
in which the capacitance in a system of electrodes is changed owing to the redistribution of 
electric field caused by changes in the dielectric properties and/or geometric parameters in the 
system. In most cases, for modelling, design and performance evaluation of these 
sensor/actuator sub-systems, the core activities focus on the accurate computation and 
characterisation of 2D/3D electrostatic fields in complex geometry [19-22]. This constitutes 
the main mathematical model of these sub-systems, the solution of which involves the 
solution of the following Laplace’s or Poisson’s equation governing the field distribution in 
the 2D/3D problem domain Ω (x, y, z): 

 
 0=Φ∇∇ε , (1) 



 
 ρε −=Φ∇∇ , (2) 
 
where ρ is the charge density and ε = ε(x, y, z) is the dielectric permittivity distribution in the 
problem domain. Under appropriate boundary conditions, the solution of the above Laplace’s 
(1) or Poisson’s (2) equation gives the unknown electric potential distribution Φ = Φ(x, y, z) 
in the problem domain Ω (x, y, z). In most cases it is assumed that the dielectric materials in 
Ω are linear, piece-wise homogeneous and isotropic. Following the solution of (1) or (2), the 
field intensity and flux density vectors E and D, and other quantities like capacitance are 
calculated. The capacitance C is calculated either from the electric field energy Ee for a given 
potential difference V or from charge Q using the following relationships: 
 

 2
2
1 CVEe = , (3) 

 
 

V
QC = . (4) 

 
Here charge Q is calculated by integrating the flux density vector D over the appropriate 

electrode surfaces [20] using the Gauss's law: 
 

 ∫∫∫ ∫ ====
sss sn dsdsDdsDQ DdsDn  cosθ , (5) 

 
 ∫≈ s

dsDQ  . (6) 

 
Although Eqs. (1) and (2) are universal for sensors and actuators based on electrostatic 

principles, the specific formulation of their solution by FEM may vary depending on the 
material and geometric parameters, and the overall topology of the problem domain. An 
example of finite element models for capacitive sensors is given in Figs. 1-3 which show the 
FE models of a capacitive angular position sensor used in high-performance torque motor 
actuators. 

 

 
 

Fig. 1. Cross-section of a 4-electrode angular 
position sensor used in torque motor actuators. 

 

 
 

Fig. 2. 3D finite element model of the capacitive sensor 
in Fig. 1 showing 3D mesh consisting of about 75000 8-

noded hexahedral elements in torque motor actuators. 



 
 

Fig. 3. Axial equipotential contours between the 
outer and centre electrodes in the capacitive angular 

position sensor. 
 

 
 

Fig. 4. Axial equipotential contours between the 
outer and centre electrodes showing the non-

uniform end effects leading to nonlinear sensor 
performance. 

 
9.2. Electromagnetic actuators 

 
Electromagnetic (EM) actuators of wide variety of sizes, shapes, power outputs and 

technological realizations are used in many applications where discrete cyclic motions are 
required. Compared to other actuating mechanisms based on, for example, piezoelectric and 
hydraulic principles EM actuators are simpler, cheaper, repairable, robust, and easier to 
manufacture.  

EM actuators rarely operate in the steady state and various operational factors like start-
stop duty, operating frequency, response time and damping have a significant influence on 
their design. The EM part of the system is represented by electric and magnetic circuits with 
self-inductance, resistance and reluctance which are subject to variations, in general, due to 
eddy currents, saturation conditions, motional electromotive force (e.m.f.), demagnetisation 
and hysteresis. The mechanical part is represented by friction, damping, elasticity and inertia 
as well as external forces. The nonlinear and transient EM, thermal, and motional problems 
that need to be solved in high speed actuators pose substantial challenges because of their 
high frequency of operation and the requirement, in many cases, for a continuous and fail-safe 
multibillion cycle operational regimes.  

In general, the mathematical model of an EM actuator can be adequately represented by the 
following four differential equations shown below: (7) an electrical circuit equation for the 
excitation coil and control circuitry, (8) a nonlinear magnetic field equation (Poisson’s 
equation) for the flux, the change of which changes the EM energy storage in the system and 
produces the magnetic force, (9) a mechanical equation for this force, load (e.g. pneumatic 
force), friction, inertia, acceleration, speed and displacement, and (10) a nonlinear thermal 
diffusion equation for the conduction of heat produced by electrical power losses: 
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In the above equations u(t), i and Ψ(i, z), and z are the applied voltage, coil current, flux 

linkage with the coil, and the displacement of moving part (plunger) respectively, R and N are 
the coil resistance and the number of turns in the coil, J, A, V are the coil current density, 
magnetic vector potential, and the plunger velocity; m, B, K, Fm and Fe are the mass of the 
plunger, viscous damping coefficient, spring constant, magnetic force and the load force 
respectively; and T, and qB are the temperature and the internal rate of heat generated per unit 
volume respectively. The material parameters ν, σ, ρ, C and k denote the magnetic reluctivity 
(ν = 1/µ, µ is the permeability), the electric conductivity, density, specific heat and the thermal 
conductivity respectively. In general, the above equations are nonlinear and inseparable. The 
current produced by (7) creates the magnetic field given by (8) and produces the magnetic 
force which causes the displacement, speed and acceleration of the actuator obtained from (9). 
The current also generates the heat and the resulting temperature distribution given by (10). 
There are two main approaches to the coupled solution of these equations: the direct coupled 
approach and the indirect coupled approach, neither of which alone is suitable to incorporate 
the whole array of factors which are expected to be encountered in the practical exploitation 
of high-speed EM actuators.  

The thermal modelling involves the development of 2D/3D thermal models and the FE 
solution of the steady-state and/or transient heat transfer equations given by equation (4) 
above. The heat sources needed for this are given by the various losses mentioned above. The 
coupling of the magnetic field and the thermal equations (owing to the dependence of the 
power density on the magnetic vector potential and the temperature dependence of the 
magnetic permeability and electric conductivity) may be realised either by indirect coupling 
(in which the equations are solved separately and coupled by means of power density and an 
iterative process is used to compute the power density and the temperature distribution) or by 
direct coupling in which the equations are solved simultaneously. The prime aim here is to 
obtain a vital insight into the thermal behaviour of actuators and to enable quantification of 
the effects of various factors that affect such behaviour. The FE models also enable the 
simulation of possible modes of thermal failure and create an essential basis for the design of 
a predictable, thermally stable and reliable actuator sub-system.  

The methodologies for modelling and design of EM actuators are normally based on 
modelling and computation of 2D/3D nonlinear magnetic field distribution using the 
numerical FE technique. This involves the steady-state and transient solutions of nonlinear 
Poisson’s Eq. (7). The results are used for design optimisation and for investigating the effects 
of various geometric, material, EM and mechanical parameters on the output performance of 
actuators. The thermal modelling involves the development of 2D/3D thermal models and the 
FE solution of the steady-state and/or transient heat transfer equations given by (4) above. The 
coupling of magnetic field and thermal equations may be realised either by indirect coupling 
or by direct coupling in which the equations are solved simultaneously. 
 

9.3. Force calculation 
 
Following the field computation, the magnetic force F (a major design parameter) is 

calculated using the second Maxwell stress tensor T due to magnetic field. T is calculated 
from the tangential component of magnetic field intensity, Hτ and the normal component of 
the flux density, Bn on a closed surface S in air surrounding the moving part. 

The surface density Fρ of the force F is defined as the divergence of Maxwell’s stress 
tensor T:  



 TF div=ρ . (11) 
 
In 3D Cartesian coordinates Maxwell stress tensor:  
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The surface force density Fρ can be defined as the sum of its normal Fρn and tangential Fρτ 
components: 
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For the closed surface S surrounding the moving part, the total force F is calculated by 
integrating the Maxwell stress tensor T on this surface: 
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This means the normal Fn and tangential Fτ components of the force F:  
 

 ( ) sBBsHBF
S

n
S

nn d 
2

1d 1
2
1 22

0

2
0

2

0
∫∫ −=








−= ττ µ
µ

µ
, (16) 

 
 ∫∫ ==

S
n

S
n sBBsBHF d 1d 

0
τττ µ

. (17) 

 
Besides Maxwell stress tensor, there exist two other methods for the calculation of 

magnetic force – the virtual work method (based on the rate of change of magnetic co-energy) 
and the magnetizing current method (involving the integral of J×B). Although in general 
these three methods give results of comparable accuracy, the stress tensor method is often 
used for calculating the force because of the relative ease of its implementation. In order to 
increase the accuracy of force calculation by Maxwell stress tensor method, at least two layers 
of finer elements are used in the airgap and the surface of integration is chosen in such a way 
as to completely surround the movable part and lie completely in air. This increases accuracy 
by reducing the effects of the tangential components of field vectors at the boundary of high 
and low-permeability FE regions. 

 



 
 

Fig. 5. Main constructive features of a long lifetime 
C-core EM actuator used as ejector valves in high-

speed optical sorting machines. 

 
 

Fig. 6. Cross-section of a high-speed limited-angle 
torque motor actuator. 

 
Examples of FE modelling of EM actuators are shown in Figs. 4-10. The actuator in Fig. 5 

is a high-speed and long-lifetime ejector valve used in optical sorting machines for bulk food 
sorting [23]. Operating under continuous duty cycles at 150-300 Hz, they produce a large 
force (8-15 N). Combined with a stroke length of 0.05-0.1 mm, ‘on’ and ‘off’ times of 0.2 ms 
and 0.46 ms respectively, and a requirement for multibillion cycle operation (in excess of 5 
billion cycles) without maintenance, these actuators operate at the limit of what can be 
achieved by solenoid-based EM actuator technology. It is essentially an on/off valve actuator 
whose active components comprise an excitation coil wound around a magnetic core that 
attracts or releases a movable valve plate depending on the excitation state of the coil (Fig. 5). 
The EM force produced by the actuator needs to overcome the pneumatic force which the 
valve plate is subjected to as a result of high-pressure air (200-550 kPa) flowing through the 
valve. 

 
 

 
 

Fig. 7. Magnetic field distribution in the magnetic 
circuit of the above EM actuator obtained by 2D FE 

modelling. 
 

 
 

Fig. 8. Non-uniform distribution of magnetic field in the 
torque motor actuator for armature position θ =−8°. 

 
Following an extensive 2D modeling study of the nonlinear magnetic field in the EM valve 

actuator (Fig. 7), 3D FE models had been used to investigate the effects of ‘z-direction’ 
magnetic field distribution on various performance parameters, especially on the magnetic 
force produced for a given excitation current. A typical 3D FE model is shown in Fig. 9 
which consists of approximately 250k tetrahedral elements, most of which are concentrated in 
the regions of the airgap, pole tips and the valve plate (Fig. 10). For all modeling purposes 
commercial software package Opera-3d on Sun Blade 2000 workstations operating under 
Unix was used. 



Figure 6 shows the cross section of a toque motor actuator used for frame scanning in 
infrared thermal imaging devices. It is a limited angle torque motor which, unlike 
conventional electrical motors, executes ‘oscillatory’ limited angular deflections with a given 
frequency. These actuators are also ideally suited for aerospace servo-valve control and other 
similar applications. It consists of a solid iron armature surrounded by a solid stator made of 
the same ferromagnetic material. The armature is pressed on to the motor shaft made of 
nonmagnetic stainless steel. 

 

 
 

Fig. 9. 3D finite element model of the EM actuator 
shown in Fig. 4 (1/4 of the full model shown). 

 

 
 

Fig. 10. FE discretisation of the 3D problem domain 
showing the distribution of elements in the iron and 

finer mesh in and around the pole tips. 

The stator consists of two segmented yokes, which are fixed in position to the nonmagnetic 
end plates of the motor containing the bearing housings. The stator windings or excitation 
coils are wound around the yokes and are connected either in series or in parallel. The 
external diameter of the armature blades maintains a very small airgap of 0.05 - 0.07 mm 
between the armature and stator poles. When the stator windings are unexcited (I = 0) the 
magnetic flux produced by the two permanent magnets resting on the stator segments 
produces a ‘detent torque’ which retains the armature at θ = 0 position shown in Fig. 6. Thus 
the motor has an inherent magnetic stiffness which, in many applications, provides for fail 
safe operation. For normal operations, it is fed by a 50-Hz sawtooth waveform which it is 
required to follow to deliver the required 50-Hz scanning frequency (image frame rate) of the 
mirror attached to one of the shaft ends with a maximum angular deflection of ±8°. The 
performance of this actuator is very much dependent upon the geometric and chosen material 
parameters for the stator yokes and armature, and the permanent magnets. The linearity and 
efficiency of its performance during an active scan period is affected by the degree of 
saturation of its magnetic circuit which, in turn depends on the materials used. Hence the 
importance of computer-based modelling and investigation, especially when there is a 
requirement for improved linearity of 0.1% during the active scan period and an increased 
scanning efficiency (active scan time/total scan time) of 90%. This is done by modelling and 
computation of 2D nonlinear magnetic field distributions in the actuator (Fig. 8) for various 
combinations of its geometric and material parameters using the FEM. 

 
 

10. MATHEMATICAL MODELLING OF INSTRUMENT SUB-SYSTEMS 
 

10.1. Printed circuit boards (PCB) 
 
Printed circuit boards (PCB) are essential sub-systems in all modern instrumentation. It 

plays an important role in measurement systems and it is difficult to imagine modern 



measurement systems without these essential elements at all stages of sensing, data 
acquisition, processing and interpretation and analysis. This puts an ever increasing emphasis 
on the reliability and increased life expectancy of electronic circuit boards, especially on those 
operating under severe and critical operational regimes. Given that about 75% of their failures 
are attributable to temperature and vibration, the ‘correct by design’ product development 
strategy [24] demands accurate solution of thermal, structural (mechanical) and coupled 
thermo-mechanical problems applicable to highly integrated electronic modules such as, 
multilayer printed circuit boards. These problems are adequately tackled by numerical FE 
modelling and simulation. 

The solutions of thermal and structural problems in multilayer PCBs by FE modelling and 
simulation are associated with considerable design challenges because of the complex 3D 
topology involved (many interconnected layers exceeding 20, highly populated 3D wiring 
assemblies), complicated loading conditions (significant board level power dissipation as high 
as 400 W, mechanical stress arising from shock, random vibrations, thermally induced 
mechanical stress, etc.), presence of thermal nonlinearities owing to the use of ‘exotic’ 
materials, etc. All these factors pose significant challenges in the development of adequate FE 
models, its realisation and accurate solution. The ultimate aim here is to predict the life 
expectancy of a multilayer PCB by predicting the life expectancy of individual surface 
mounted electronic components through the calculation and prediction of their pin junction 
fatigue life by solving the appropriate thermal, structural and coupled thermo-mechanical 
problems. 

 
10.2. Modelling of printed circuit boards (PCB) 

 
The strategy for FE modelling of PCB boards adopted in this work consists of four 

successive stages comprising board-level thermal and structural analyses, component-level 
thermal analysis and the calculation of pin junction fatigue life using solder joint fatigue 
model. Because of significant computational overhead, detail component-level thermal 
analysis is carried out only for those components that are found to be critical by the board-
level analyses. 

In considering the heat flow paths from electrical components mounted on a PCB, it is 
important to note that only a proportion of the heat is transferred directly from the component 
surfaces to the ambient air by convection and radiation. Other major paths for this heat flow 
are by conduction to the PCB via the leads/balls and by convection/radiation from the free 
bottom surface of electronic components (IC packages) mounted on the board. A PCB itself 
transports heat by convection and radiation to the ambient air. The board acts as a heat sink 
for components mounted on its surface. Thus, the thermal conductivity of the PCB is an 
important input parameter for its thermal investigation. The temperature in the solder-joint 
interconnections partly depends on the thermal performance of the circuit. For board-level 
thermal modelling, the following factors need to be considered: (i) The carrier material for 
PCB (e.g. FR-4) has anisotropic or orthotropic thermal conducting behaviour; (ii) the thermal 
conductivity of conducting layers (e.g. Cu) is approximately three orders of magnitude higher 
than that of the substrate layers. The embedded copper layers (signal/power) increase the in-
plane thermal conductivity but do not affect the thermal conductivity perpendicular to the 
board; (iii) conducting layers may not be a solid plate but may include isolated signal traces 
and planes; (iv) plated vias used for signal transmission between layers may affect heat 
conduction in the vertical direction; (v) the complexity and typical feature sizes of high-
density integrated boards make detail modelling extremely difficult. 

 



 
 

Fig. 11. Typical 3D FE model of a PCB with 
surface mounted semiconductor devices 

(components). 

 
 

Fig. 12. 3D FE model of a multilayer PCB including 
details such as signal layers, dielectric layers and inter-

layer vias. 

 
Figures 11 and 12 show FE models for board-level analysis of multilayer PCB. A typical 

FE model for a surface mounted package (SOP-14) is shown in Fig. 13. These realistic FE 
models are used for lifetime prediction of pin junction solder joints of critical components. 
However, for other components the use of thermal compact models instead of this detail FE 
model is cheaper and more efficient. A basic form of thermal compact models is the 'two-
resistor' model. Here, the heat flow distribution in a package is divided into paths from the 
chip to the top of the device (R junction-top) and from the chip to the PCB (R junction-
board). 

Basically a two-resistor model is made up of two cuboids and the package footprint is used 
to determine the area of the model. The height of each cuboid is half of the package seat 
height, which gives the distance between the board surface and the bottom surface of the 
package body. The side surfaces of the model are assumed to be adiabatic. The common mid-
surface of the cuboids constitutes an isothermal surface which replaces the junction. The 
thermal resistances R junction-board and R junction-top are applied by means of appropriate 
material properties assigned to each cuboid. The in-plane thermal conductivity is assumed to 
be very high to ensure approximately unconstrained heat conduction in x-y direction. The 
thermal conductivity in z-direction can be calculated from the one-dimensional heat flow 
from junction to surface. 

 
 

Fig. 13. Detail 3D FE model of a surface mounted electronic component (SOP-14 package). 
 
Basically a two-resistor model is made up of two cuboids and the package footprint is used 

to determine the area of the model. The height of each cuboid is half of the package seat 
height, which gives the distance between the board surface and the bottom surface of the 
package body. The side surfaces of the model are assumed to be adiabatic. The common mid-



surface of the cuboids constitutes an isothermal surface which replaces the junction. The 
thermal resistances R junction-board and R junction-top are applied by means of appropriate 
material properties assigned to each cuboid. The in-plane thermal conductivity is assumed to 
be very high to ensure approximately unconstrained heat conduction in x-y direction. The 
thermal conductivity in z-direction can be calculated from the one-dimensional heat flow 
from junction to surface. 

To date appropriate methodologies have been developed and a practical approach has been 
shown for the integration of compact models into FE simulation of multilayer boards. As 
more detail FE models require higher computer powers, thermal compact models are more 
effective for such simulations. Although compact models are not available at present in large 
numbers their wider use can be expected. Similar to the component presented here other 
package types can be integrated easily. However, as long as these thermal resistor models are 
not at the user’s disposal, other FEA models for the components can be used in the software. 
The thermal simulations of the complete PCB using compact models can give the temperature 
distribution of the board and so the boundary conditions for a detail FE analysis of a single 
component. 

 
11. CONCLUSIONS 

 
Computer aided design is advancing in capability and spread of application. The concepts 

and principles resulting from these advances are enhancing the core of measurement and 
instrumentation science. On the application side tremendous progress has been made in the 
use of numerical computing techniques (e.g. finite element method) for modelling and 
analysis of sensors and actuators. 
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